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Scattering induced spin orientation and spin currents in gyrotropic structures
S.A.Tarasenko
A.F. Ioffe Physico-Technical Institute of the Russian Academy of Sciences, 194021 St. Petersburg, Russia
It is shown that additional contributions both to current-induced spin orientation and to the
spin Hall effect arise in quantum wells due to gyrotropy of the structures. Microscopically, they
are related to basic properties of gyrotropic systems, namely, linear in the wave vector terms in
the matrix element of electron scattering and in the energy spectrum. Calculation shows that in
high-mobility structures the contribution to the spin Hall current considered here can exceed the
term originated from the Mott skew scattering.
PACS numbers: 72.25.Pn, 72.25.Rb, 73.63.Hs
I. INTRODUCTION
Spin-orbit coupling in low-dimensional semiconductor
structures is attracting a great deal of attention since
it underlies effects of manipulating spins of charge car-
riers by electrical means. Spin orientation of free car-
riers by electric current [1, 2, 3, 4] and the spin Hall
effect, where a charge current drives a transverse spin
current [5, 6, 7], are among the widely discussed phe-
nomena in the thriving field of semiconductor spintron-
ics. Microscopically, both effects are caused by spin-orbit
interaction and can be related either to spin-dependent
scattering (extrinsic contributions) or solely to spin split-
ting of the band structure (intrinsic terms). Comparative
roles of the extrinsic and intrinsic mechanisms in spin
transport of charge carriers in bulk and low-dimensional
semiconductors are, at present, the subject of experimen-
tal and theoretical discussion (see Refs. [8, 9] for review).
So far, scattering-induced spin effects in transport of
conduction electrons have been attributed mainly to the
Mott skew scattering [8, 9, 10, 11]. The Mott term
in the matrix element of scattering can be written as
λσ ·[k×k′], where λ is a parameter, σ is the vector of the
Pauli matrices, k and k′ are the initial and scattered wave
vectors, respectively. This term is quadratic in the wave
vector and present in any, even centrosymmetric, struc-
ture. In semiconductor quantum wells (QWs) the Mott
term is not dominant contribution to the spin-dependent
part of electron scattering since gyrotropic symmetry of
QW structures allows for linear in the wave vector cou-
pling of spin states. An example of such a k-linear spin-
orbit coupling is the Rashba or the Dresselhaus spin-orbit
splitting of the electron subbands induced by Structure
and Bulk Inversion Asymmetry (SIA and BIA, respec-
tively). Similarly, a spin-dependent term linear in the
wave vector appears in the amplitude of electron scatter-
ing by static defects or phonons. Taking into considera-
tion this contribution and neglecting the Mott term, the
matrix element of electron scattering can be presented as
(see Ref. [12] and references therein)
Vk′k = V0 +
∑
αβ
Vαβ σα(kβ + k
′
β) , (1)
where V0 is the matrix element of conventional spin-
conserving scattering and Vαβ are parameters determined
by space distribution and structure details of the scat-
terers. In the case of elastic scattering from short-range
static defects, that is assumed below, the parameters Vαβ
and V0 are independent of the wave vectors k and k
′.
Linear in the wave vector term seems to be the domi-
nant spin-dependent contribution to the matrix element
of electron scattering in QWs. Unlike the Mott contri-
bution, it can be obtained in first order of the k · p per-
turbation theory [12].
In this paper we analyze spin transport of two-
dimensional (2D) electrons in the presence of k-linear
terms in the scattering amplitude. We show that these
terms together with the spin-orbit spectrum splitting
give rise to additional contributions to both the current-
induced spin orientation of free carriers and the spin Hall
effect. The contribution to the spin orientation of 2D
electrons is comparable in magnitude to that related to
current-induced carrier redistribution between the spin-
split subbands [16]. As regards the spin Hall current,
the proposed contribution can exceed the term originated
from the Mott skew scattering in QW structures with
high mobility.
II. MICROSCOPIC MODEL
Microscopically, mechanism of spin Hall current gen-
eration and spin orientation of 2D electrons by electric
current due to k-linear terms in the scattering amplitude
is as follows. Application of an electric field E in the
QW plane results in a directed flow of the carriers. Due to
spin-dependent asymmetry of scattering, electrons driven
by the electric field are scattered in preferred directions
depending on their spin states. It leads to generation of
a spin-dependent electron distribution, where particles
with a certain wave vector k carry a certain spin ori-
entation. The explicit form of the distribution depends
on the origin of the spin-dependent scattering. Since k-
linear terms in the scattering amplitude are caused by
inversion asymmetry of QWs, one can distinguish, simi-
larly to the spectrum splitting, the SIA and BIA contri-
butions to the scattering amplitude. The corresponding
distributions of the spin density in k space are shown in
2Fig. 1 for electrons confined in (001)-grown QW and sub-
jected to the in-plane electric field along [11¯0] and [110]
axes. Detailed calculation of the presented distributions
is given in the next section. Here we only note that the
angular dependencies of the spin distributions are de-
scribed by quadratic harmonics. Average spin polariza-
tion remains zero and, in contrast to the Mott scattering,
electrons with the opposite wave vectors k and −k carry
the same spin. Therefore, the spin-dependent scattering
of the form (1) does not lead itself to a current-induced
spin orientation nor to the spin Hall effect.
A net spin orientation of the electron gas and a spin
current appear as a result of the subsequent spin dynam-
ics of carriers. The spin dynamics of the conduction elec-
trons is known to be governed by spin-orbit coupling that
may be considered as an effective magnetic field acting
on electron spins. In this effective magnetic field spins
of the carriers, initially directed according to the spin-
dependent scattering processes, precess. Such a spin dy-
namics is illustrated in Fig. 2. To be specific we consider
that the electric field E is directed along the [11¯0] axis
and both the effective magnetic field and the k-linear
terms in the scattering amplitude are induced by struc-
ture inversion asymmetry. The effective magnetic field
caused by spin-orbit coupling in QWs is known to be an
odd function of the wave vector k. In the the case of SIA
it is directed perpendicular to k as shown in Fig. 2 by
dashed arrows. Therefore, electrons moving along or op-
posite to the x‖[11¯0] axis carry spins oriented parallel (or
antiparallel) to the effective magnetic field, while the par-
ticles moving along or opposite to the y‖[110] axis carry
spins oriented perpendicular to the effective field. As a
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FIG. 1: Distribution of electron spin caused by k-linear terms
in the scattering amplitude for various directions of the elec-
tric field. Figs. (a),(b) and (c),(d) correspond to the SIA and
BIA k-linear terms in the scattering amplitude in (001)-grown
QWs, respectively.
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FIG. 2: Microscopic mechanism of the current-induced spin
orientation and the spin Hall effect. Spin-dependent asym-
metry of electron scattering followed by spin precession in
the effective magnetic field leads to (i) generation of a spin
current and (ii) net spin orientation of carriers.
result of the spin precession, the spin component Sz > 0
(Sz < 0) appears for the carriers with the positive (neg-
ative) wave vector ky. This state corresponds to the spin
Hall effect where an electric field drives a transverse spin
current, i.e. oppositely directed flows of carriers with the
opposite spins. Moreover, the spin precession in the ef-
fective magnetic field leads to appearance of an average
spin orientation of carriers in the QW plane, opposite
to the y axis. Indeed, electrons with the spins directed
opposite to the y axis are affected by collinear magnetic
field and retain the spin orientation, while the carriers
with the spins directed along the y axis partially lose the
polarization due to the spin precession. The rate of the
spin generation is determined by the average angle of spin
rotation in the effective magnetic field, similarly to the
Hanle effect.
III. THEORY
Theory of the scattering-induced spin orientation and
the spin Hall effect is developed here by using the spin-
density-matrix technique. Dynamics of the density ma-
trix ρk of electrons subjected to an in-plane electric field
E is given by the kinetic equation
∂ρk
∂t
+ eE
∂ρk
∂ h¯k
+
i
h¯
[Hso, ρk] = Stρk . (2)
Here e is the electron charge, Hso is the Hamiltonian of
spin-orbit coupling that describes spin precession in an
effective magnetic field
Hso =
∑
αβ
γαβ σαkβ =
h¯
2
Ωk · σ , (3)
3γαβ are the structure parameters, Ωk is the Larmor fre-
quency corresponding to the effective field, and Stρk is
the collision integral. In the present letter we restrict
ourselves to the case of low temperatures when transport
properties are determined by the Fermi surface and en-
ergy mixing of carriers is suppressed. For elastic scatter-
ing from static defects uniformly distributed in the QW
plane the collision integral has the form
Stρk =
pi
h¯
Nd
∑
k′
(2Vkk′ρk′Vk′k − Vkk′Vk′kρk (4)
−ρkVkk′Vk′k) δ(εk − εk′) ,
where Nd is the sheet density of defects. Note, that spin-
orbit splitting of the energy spectrum is neglected in the
collision integral (4), since the splitting is much smaller
than the electron kinetic energy. Corrections to the en-
ergy due to the spin-orbit splitting as well as similar cor-
rections to the electron velocity, which can be crucial for
intrinsic spin effects, are unimportant here.
The density matrix can be presented as follows
ρk = (f0 + δfk)I + Sk · σ , (5)
where f0 is the function of the equilibrium carrier dis-
tribution, I is the 2 × 2 unit matrix, δfk and Sk are
the electric field-induced corrections to the diagonal and
spin components of the density matrix. We assume that
the electric field oscillates at the frequency ω, E ∝
exp (−iωt). Then, in linear in the electric field regime,
the terms δfk and Sk have the same time dependence.
To first order in the parameters Vαβ the charge transport
is independent of the spin part of scattering amplitude
and the diagonal correction to the equilibrium density
matrix has the form
δfk = −
eτ E · v
1− iωτ
df0
dε
, (6)
where v = h¯k/m∗ is the velocity, m∗ is the electron
effective mass, τ = h¯3/(V 2
0
Ndm
∗) is the momentum
isotropization time, and ε is the electron kinetic energy.
Note, that δfk is the correction that describes the con-
ventional (Drude) ac conductivity of the electron gas.
Equation for the spin component of the density matrix
Sk can be derived from Eq. (2). To first order in spin-
dependent part of the matrix element of scattering Vs it
takes the form
− iωSk + [Sk ×Ωk] = −
Sk − S¯k
τ
+ gk , (7)
where S¯k is Sk averaged over directions of the wave vec-
tor k, gk is the spin generation rate into the state with
the wave vector k,
gk =
2pi
h¯
Nd
∑
k
Tr[σV0Vs](δfk′ − δfk) δ(εk − εk′) . (8)
The left-hand side of Eq. (7) describes spin dynamics of
the carriers during their free motion between consecutive
collisions with structure defects, while the right-hand side
of the equation stands for the scattering-induced spin re-
distribution among electron states with different wave
vectors. Particularly, the first term on the right-hand
side of Eq. (7) describes isotropization of the spin den-
sity and the second term corresponds to the spin den-
sity generation due to carrier drift in the electric field in
the presence of spin-dependent scattering. We note, that
spin-flip processes are neglected in Eq. (8) since they ap-
pear only in second order in Vs. For linear in the wave
vector terms in the matrix element of scattering given by
Eq. (1), components of the spin generation rate have the
form
gk,α =
2eh¯/m∗
1− iωτ
df0
dε
∑
βµ
Vαβ
V0
(
kβkµ −
k2
2
δβµ
)
Eµ . (9)
Dependence of the spin generation gk on the wave vec-
tor is determined by both the direction of the applied
electric field E and the explicit form of the coefficients
Vαβ . The latter is governed by the QW symmetry and
can be varied. Symmetry analysis shows that in (001)-
grown QWs there are two nonzero components of the
pseudotensor Vαβ , namely Vxy and Vyx, which can be
expressed via the SIA and BIA contributions as follows:
Vxy = VBIA+VSIA, Vyx = VBIA−VSIA. Figure 1 demon-
strates scattering-induced distributions of the spin polar-
ization gk in k space for the electric field directed along
the x and y axes. Figures (a),(b) and (c),(d) correspond
to the cases where the k-linear terms in the matrix ele-
ment of scattering are caused by SIA (Vxy = −Vyx) and
BIA (Vxy = Vyx), respectively.
As mention above, the net spin orientation of carriers
and the spin Hall current appear as a result of the spin-
dependent scattering and the subsequent precession of
electron spins in the effective magnetic field. Following
Eq. (7) and taking into account that the frequency Ωk is
an odd function of the wave vector, while gk is an even
function of k and g¯k = 0, one can derive the equation for
the spin component S¯k〈
τ
Ωk × [Ωk × (S¯k + τgk)]
[(1− iωτ)2 + (Ωkτ)2]
〉
+ iωS¯k = 0 , (10)
where the angle brackets mean averaging over directions
of the wave vector. Solutions of Eqs. (7) and (10) allow
one to find the spin components of the density matrix
and calculate the spin polarization of the electron gas as
well as the spin Hall current.
IV. RESULTS AND DISCUSSION
Calculation shows that in the case Ωkτ ≪ 1 the aver-
age electron spin, defined as
∑
k
Sk/Ne, with Ne being
the carrier concentration, has the form
sx(ω) = −
1
2
[
Vyx
V0
γxy
γyx
+
Vxy
V0
]
Ky(ω)
1− iωTx(1− iωτ)2
, (11)
4sy(ω) = −
1
2
[
Vxy
V0
γyx
γxy
+
Vyx
V0
]
Kx(ω)
1− iωTy(1− iωτ)2
.
Here Vxy, Vyx, γxy and γyx are nonzero components of
the pseudotensors Vαβ and γαβ in (001)-grown structures,
K(ω) is the average electron wave vector corresponding
to the drift velocity of carriers in the electric field
K(ω) =
eτ/h¯
1− iωτ
E , (12)
and Tα (α = x, y) are the D’yakonov-Perel’ relaxation
times of the spin components
1/Tα = τ [〈Ω
2
k〉 − 〈Ω
2
k,α〉] . (13)
Magnitude of the spin orientation achieved by dc electric
current s(0) depends on the ratio γxy/γyx rather than on
absolute value of the spin-orbit splitting h¯Ωk. This can
be understood considering the average spin as a balance
between processes of spin generation and spin relaxation.
s(0) is given by T s˙, where the spin relaxation time T ∝
1/Ω2
k
and the spin generation rate s˙ ∝ Ω2
k
.
The spin current is characterized by a pseudotensor
Jˆ with the components Jαβ describing the flow in the β
direction of spins oriented along the α axis. In terms of
the kinetic theory such a component of the spin current
is contributed by a non-equilibrium correction ∝ σαkβ to
the electron spin density matrix and given by
Jαβ =
∑
k
Tr
[σα
2
vβρk
]
=
∑
k
Sk,αvβ . (14)
Calculation shows that the components of the scattering-
induced spin Hall current in (001)-grown QWs have the
form
Jzx(ω) = i
τk2F
2h¯
[
Vyx
V0
γxy +
Vxy
V0
γyx
]
ωTx jy(ω)/e
1− iωTx(1 − iωτ)2
,(15)
Jzx(ω) = −i
τk2F
2h¯
[
Vyx
V0
γxy +
Vxy
V0
γyx
]
ωTy jx(ω)/e
1− iωTy(1− iωτ)2
,
where kF is the Fermi wave vector and j(ω) =
eNeh¯K(ω)/m
∗ is the charge current.
Equations (11) and (15) describe the current-induced
spin orientation and the spin Hall current for the case
Ωkτ ≪ 1. In high-mobility 2D structures this inequal-
ity may be violated. At arbitrary Ωkτ solutions of
Eqs. (7) and (10) have complicated form but become
simpler if the absolute value of the Larmor frequency
Ωk is independent of the wave vector direction. This
is fulfilled when the spin-orbit splitting is caused only
by BIA or by SIA, γxy/γyx = ±1, respectively. In
this particular case the spin orientation and the spin
Hall current are given by Eqs. (11) and (15), where
the denominators 1 − iωTα(1 − iωτ)
2 are replaced by
1 − iωT [(1 − iωτ)2 + 2τ/T ], with the time T (Tx = Ty)
being determined by Eq. (13).
Frequency dependencies of the current-induced
spin polarization |sy(ω)| and the spin Hall current
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FIG. 3: Frequency dependencies of (a) the spin orientation
|sy(ω)| and (b) the spin current |eJ
z
y (ω)/jx(0)| for different
ΩkF τ and Vxy/V0 = 10
−8 cm, kF = 10
6 cm−1, K(0) =
105 cm−1.
|eJzy (ω)/jx(0)| are plotted in Fig. 3 for different pa-
rameters ΩkF τ . It is assumed that the electric field is
directed along the x axis and the k-linear terms both in
the scattering amplitude and in the spectrum splitting
are related to structure inversion asymmetry. Magnitude
of the spin orientation reaches maximum in the dc limit
and decreases with increasing the field frequency ω, see
Fig. 3(a). In systems where Ωkτ ≪ 1, the spin relaxation
time is much longer than the momentum relaxation
time, T ≫ τ , and the frequency dependence of the
spin orientation sα(ω) is given by sα(0)/(1 − iωTα).
Such a behavior is natural because the spin orientation
represents a carrier redistribution between the spin
states and the spin dynamics is governed by the spin
relaxation time.
In contrast to the current-induced spin orientation, the
spin Hall current reveals nonmonotonic frequency depen-
dence. It vanishes at zero frequency, increases linearly
with the frequency at low ω, reaches maximum and de-
creases when ω exceeds 1/τ . The cancellation of the spin
Hall effect in the dc limit as well as the linear growth
at small ω is a direct consequence of the particular re-
lation between spin dynamics and spin fluxes in systems
with spin-orbit splitting of the band structure linear in
the wave vector [13]. The relation between components
of the spin and the spin current can be easily obtained
from Eq. (7). Summing Eq. (7) over k and taking into
account that Ωk is a linear function of the wave vector,
in particular, Ωk,x ∝ ky and Ωk,y ∝ kx in (001)-grown
structures, one obtains the relation Jzα(ω) ∝ ωsα(ω). At
small frequencies ω the spin orientation is a finite value,
implying the linear growth of the spin Hall current with
the frequency. In the range 1/T ≪ ω ≪ 1/τ the spin
5orientation drops as ω−1 and the frequency dependence
of the spin Hall current has a plateau. After that, in
the high-frequency limit, ω ≫ 1/τ , the spin orientation
and the spin Hall current decrease as ω−4 and ω−3, re-
spectively. We note that in the high-frequency range the
absorption of ac electric field by free carriers can be sig-
nificant and result in pure spin photocurrents [14, 15] and
spin orientation of the carriers [12].
Finally, we present estimations for the considered ef-
fects. Following Eq. (11) the current-induced spin ori-
entation at zero frequency can be estimated as 10−3 for
Vxy/V0 ∼ 10
−8 cm, appropriate to GaAs-based struc-
tures, and the drift wave vector K(0) ∼ 105 cm−1. This
value corresponds to the spin orientation caused by other
mechanism, namely, current-induced electron redistribu-
tion between the spin-split subbands. For this particu-
lar mechanism the spin orientation can be estimated as
γxyK(0)/EF that also gives 10
−3 for γxy ∼ 10
−7 meV·cm
and the Fermi energy EF ∼ 10 meV [16]. Further in-
crease of the Fermi energy (or temperature for the Boltz-
mann statistics) leads to predominance of the scattering-
related mechanism. As regards the spin Hall effect,
the ratio of the spin current (15) to the contribution
caused by the Mott skew scattering can be estimated
as Vxy/(λkF )ΩkF τ . In high mobility structures, where
ΩkF τ ∼ 1, the spin Hall current caused by k-linear terms
in the scattering amplitude exceeds by an order of mag-
nitude the contribution related to the skew scattering.
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